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A method is  developed for  the a c c e l e r a t e d  de te rmina t ion  of s t a t ionary  heat f luxes by ba t t e ry  
heat f l owmete r s  in the dynamic m e a s u r e m e n t  mode.  

Ser ia l ly  manufac tu red  ba t te ry  heat  f l owmete r s  [1], which are  f avo rab ly  dis t inguished b y t h e  s imp l i c i ty  of 
cons t ruc t ion ,  the ease  of fabr ica t ion ,  and the high r e sponse  to the flux being m e a s u r e d ,  a re  used  ex tens i -  
vely in the p rac t i ce  of hea t - f lux  m e a s u r e m e n t .  

However ,  the t h e r m a l  iner t i a  of these  heat f l owmete r s  i n c e r t a i n c a s e s  of p rac t i ca l  impor tance  will e i ther  
d i s to r t  the r e su l t s  being obtained or i n c r e a s e  substant ia l ly  the total  t ime  for  pe r fo rn~ng  the expe r imen t .  F r o m  
this viewpoint,  methods of  improving  the dynamica l  c h a r a c t e r i s t i c s  of heat f lowmete r s ,  which a re  r ea l i zed  during 
subsequent  p roces s ing  of d i rec t  m e a s u r e m e r ~ ,  r e su l t s  by solving the i nve r se  p rob lem of heat  conduction which 
occu r s ,  a r e  of indubitable i n t e re s t .  In pa r t i cu l a r ,  the p rob lem of computing the i r  values  at the ini t ia l  sec t ions  
of the t r ans i en t  c h a r a c t e r i s t i c  of the heat  f l owmete r  can be posed in the  m e a s u r e m e n t  of s t a t iona ry  heal  fluxes. 

The solution of such a p rob lem is desc r ibed  in [2] for  the case  of measu r ing  the radiant  heat  flux by using 
a c a l o r i m e t r i c  he at f lowmete r .  The s e n s o r  of such ahea t  f lowmete r  is a single c apacit ance link whose dynamics  is  
desc r ibed  by an ord inary  d i f ferent ia l  equation. The magnitude of the heat flux was hence de te rmined  s u c c e s s -  
fully by using the f a m i l i a r  K a l m a n - f i l t e r  a lgor i thm [3,4] .  However ,  d i rec t  application of a K a l m a n f i l t e r  to the 
p rob l em of m e a s u r i n g  a s t a t ionary  heat flux by ba t t e ry  heat  f l o w m e t e r s  is imposs ib le  since t he i r  dynamics  is de-  
s c r i b e d b y t h e  par t ia l  d i f ferent ia l  equation of heat conduction. At the s ame  t ime ,  the Kalman f i l te r  is intended 
for  an opt imal  es t imat ion  (in the sense  of the r o o t - m e a n - s q u a r e  deviation) of the s ta te  v a r i a b l e s  oil dynamical  
s y s t e m s  with lumped p a r a m e t e r s .  

The a lgor i thm of the Kalman f i l t e r  is  dis t inguished by i ts  s impl ic i ty ,  is quite adaptable  for  rea l iza t ion  
on an e lec t ron ic  compute r ,  takes  account  of the p r e s e n c e  of r andom e r r o r s  in the m e a s u r e m e n t s ,  and p r o -  
c e s s e s  in format ion  r e c u r r e n t l y  as it  comes  in. It can be applied to both l inea r  and nonl inear  dynamica l  s y s -  
t e m s .  M o r e o v e r ,  ut i l izat ion of the Kalman f i l t e r  in the p rob l em of de te rmin ing  the heat flux p e r m i t s  p e r f o r -  
mance  of a p rac t i ca l  invest igat ion of quest ions of the uniqueness and accu racy  of the r e su l t s  obtained [2], which 
is e spec ia l ly  impor tan t  s ince the i nve r s e  heat -conduct ion p rob l em to be solved is  hence i n c o r r e c t l y  posed.  

In o r d e r  to apply the Kalman f i l t e r  to the p rob lem of m e a s u r i n g  heat fluxes by ba t t e ry  heat  f lowmete r s ,  an 
approx ima te  h e a t - m e t e r  model  is  p roposed  in this  pape r  which is desc r ibed  by a s y s t e m  of o rd inary  d i f f e ren-  
t ia l  equations and is  obtained by the method of l ines [5, 6]. 

In fo rming  the ma thema t i ca l  model ,  the s enso r  of the heat  f l o w m e t e r w a s  cons ide red  as a finite rod, heat 
insula ted along the side su r face ,  and executed as a whole ~ t h  a galvanic  copper - -Cons tan tan  d i f fe rent ia l  t h e r -  
mal  ba t te ry  [1]. Some junctions of the t h e r m a l  ba t t e ry  a r e  brought  out on the endface Surface of the sensor  
which is  fas tened to the housing and whose t e m p e r a t u r e  is  m e a s u r e d  by using a Chromel - -Alumel  t h e r m o -  
couple.  Other junctions a r e  d isposed  on a plane r e m o v e d  a d is tance  B = 0.2.10 -3 m f r o m  the detect ing su r face  
of the s enso r .  

Kharrkov Aviation Ins t i tu te .  T rans l a t ed  f rom Inzhene rno-F iz i chesk i i  Zhurnal ,  Vol.  33, No. 6, pp. 1070- 
1077. Original  a r t i c l e  submit ted  Apri l  5, 1977. 
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Because of the use of effective cooling, the senso r  t empera tu re  during the measurements  ordinari ly 
var ies  within a na r row band [1]. It can hence be assumed that the thermophys ica l  cha rac te r i s t i c s  of the sen-  
so r  ma te r i a l  a re  independent of the t em pe ra tu r e  and the cha rac t e r i s t i c s  of the thermocouples  being used a re  
l inear .  

Under the assumptions  made above, the hea t - t r ans fe r  p rocess  in the senso r  bulk is descr ibed by the 
l inear  equation of heat conduction 

with the boundary conditions 

OT c~T 
- - : a ~ ,  0~<~<~T.v ,  O<~x<~t (1) 
o~ Ox" 

T(O, x)=  O, O<~x<~t, (2) 

OT (~, O) 
= - - q ,  0 ~ % v ,  (3) 

Ox 

~IT(T, l) = V(,) + e(T), (4) 

where V(r) is the output signal of the Chromel- -Alumel  thermocouple .  

The t he rma l -ba t t e ry  output is re la ted to the t empera tu re  of the si tes of its junctions as follows: 

By using the method of lines 
differential  equations 

1V(T) = c~(T(T, B)--T(~, l)). 

[5, 6], Eqs.  (1)-(5) can be approximated by the sys tem of ord inary  

dt~ _ i, = 2a ( t 2 _ t l )  :,_ 2 
de 

(5) 

. . . . . . . .  ~ ~ ~ ~ ~ ~ ~ 

a (t~_,-i- ti+x--2t,), (6) 

~,, = ~ a  ( t ._ ,  + tj - -  2t.) - -  a2hza W/(T) 

with the initial conditions 

t i ( 0 )=0 ,  i - -  1, 2 . . . . .  n. 

In deriving (6) it was taken into account  that (4) can be written in the form 

(7) 

V (,) = a ib  - -  ~--~- W (T) + ~ (T), (8) 
a~ 

where tj = T(T, B). 

Let us l inear ize  (8) at the t ime T k with respec t  to an es t imate  of the heat flux qk-I obtained at the p r e -  

ceding es t imat ion s tep:  

Y(xD = V ( * D  + ~1 W('ck)~a,t~ (*h. [ik-O + (zlUJ(Th) (q --a.~-,)" (9) 
a~ 

The response  of the t empera tu re  to the heat flux is determined f rom the solution of the response  d i f fer -  

ential equations 
/],:.= 2 a  ( v 2 - u 0 +  2 

h z cph ' 

a (U i_ l  - -  2 Ui -',- Ut+,), (1o) 
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with the initial conditions 

a (Un , + U j - - 2 U , J  t ) , ,  = - - ~ -  _ 

Uz (0) = 0, i ---- 1,2 ..... n. ~11) 

It follows f rom the condition of s tat ionari ty of the heat  flux that 

q(xa+~) = q (Xk). (12) 

Therefore, (6), (7), (9), (10), (11), and (12)willdescribe the mShematioalmodeloftheheatflowmeter 
under consideration. 

We determine the magnitude of the unknown heat flux by minimizing the following quadratic quality func- 
tion [4]: 

N 
qb ( q ) ~ - - ~ - ~  [y (T~) _ al tj (Tk, q)]2. 

k=l 

Under the assumptions made above, the value q which yields the minimum of the quality function ~(q) 
and la ter  called the optimal es t imate  of the heat flux q, can be obtained by means of the a lgor i thm 

+ ~' IV (~k+~- ~, tj (%+. ~ (~)) ] 
as J 

Pk+, = o2 Pk 
o 2 + a~ Uj (T~) Pfl 

(13) 

(14) 

whose detailed derivat ion is presented in [4] in the more  genera l  case.  

The Uj(~-) in (13) and (14) is de termined as a resul t  of solving the sys tem (10), (11) while tj(T, q0"k)) is 
evaluated at each step of the es t imat ion  by means of (6) and (7) for q = q0-k). 

The est imation a lgor i thm obtained for  the heat flux is a modification of the d i sc re te  Kalman-f i l te r  a l -  
gor i thm [3, 4] and differs f rom this la t ter  by the fact that instead of est imating the state vector  of dimension-  
ality (n + 1) and solving the Riccati  mat r ix  equation, sca la r  quantities are used in (13) and (14) to c a l c u l ~ e  
the var iance .  

An initial es t imate  of the heat flux q(0) by considering it as a random var iable ,  as well as the var iance 
P0 of this e s t i m ~ e ,  mus tbe  given in o rder  to evaluate the heat flux by means of (13) and (14). 

In a prac t ica l  real izat ion of the a lgor i thm (13), (14), (6), (7), (10), and (11) the number  of nodes of the 
difference mesh  n in (6) and (10) must  be selected af ter  analyzing the influence of e r r o r s  of the method of 
lines on the accuracy  in determining the heat flux. The analysis  can be per formed by the method elucidated 
in [8]. The e r r o r  in finding the optimal es t imates  of the heat flux related to the e r r o r s  in the method of lines 
can be calculated by means of the equation 

n 
N ~-J Ui (Th) ~i (Th, O) 

aq = - -  " % .  (15) 

~1 

where Ui(T) a re  the sensit ivity functions determined by means of (10) and (11). 

The e r r o r s  of the method of lines Ai0- , xi) Can be found as follows. The dependence of the t empera tu re  
on the space coordinate in the section 0 __< x i _< h is approximated in the method of lines by a t runcated Taylor  
se r i e s  [6] which has the following form af ter  replacement  of the part ial  derivat ives by their  difference analogs:  
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1 ( t l + _ _ u q ) _ ] ~ _  T(% x l ) = l  l - _ . ~ q x  x +  t z -  h x~ +A1(% xl), 

(16) 
T(T, xi) = tz + (t~+l - -  ti_l) xi 2-h + ( t i _ l - - 2 t , +  t~+,) ~x~ "~ At(x, xl). 

A f t e r  subst i tu t ing the  r igh t  Sides of (16) into (1)-(5) and p e r f o r m i n g  a p p r o p r i a t e  manipu la t ions  with (6) 
t aken  into accoun t  f o r  the  e r r o r s  in the method  of l i nes ,  the  fol lowing s y s t e m  of pa r t i a l  d i f fe ren t ia l  equat ions  
can be obtained:  

02Ax 5a  5 OA, = a - -  q- ( 3 t , - - 4 t 2  + t3) - - q ,  
Ox Ox~ ~ 3 c p h 

O h~ 02 A~ a 1 
a - - - + -  (2t 1 - 1 1 t  z q -  14ta--5/t)q- - - q ,  

Or Ox~ ~ 6 c o b  

a A~ 0 z At a 
= a - -  + (t~_ z + 2 tl 1- -  12 tl + 14 it+z-- 5 ti+e), (17) 

aT ax~ ~ - 

OA. x 0ZA. I a 
- - a --------:- + ( t ._a+2 tn z--12 t. 1+ 14t.--55tj+cz~-' WOO), 

a x OxZ.- 1 1 - ~  - - 

O A n 8 2 A n a 5 
-- a - -  + (t~_s + 2 t .  , - -  7 t .  + 4 t j--4a~lW)-----;= 0 1 , 2 i ~ 7  

o ,  o:.  ~ - I Z  

with the  boundary  condi t ions  

O al (~, 0) 
Ai(z,h) = 0 ,  i :  1,2 ..... n, - 0 ,  

Ox 1 

�9 . . . . .  �9 . ~ ~ . . . . . .  �9 . . . . .  

a~ (~, h) = ~ (~, o), o a~(~, h) _ O ~ (~, O) 
Ox 1 Oxz 

l (3t x - 4 t  z + t 3 ) -  l 
+ T V q' 

N(~, h)= hi§ 0), 0A,(~, h) 0AI+I(T, 0) 
Ox~. OX~+x 

: .  ( t t_ l - -  t~ - -  6+1W ti+z), + 
2I t  

(18) 

. . . .  , �9 ~ ~ ~ ~ ~ . . . . . . . . . . . . .  

A~ x(x,h)=An(z, 0), OA,,_l(X,h) _ OA.(x, O) 
- O X n _  1 O X n  

l 
-{- f f -~( tn_z-- tn_a-- t~ + r 

An (~, h) = o 

Using the  d i f f e r e n t i a l - d i f f e r e n c e  a p p r o x i m a t i o n  (17) and (18) were  so lved  by the method  of l ines  joint ly 
with (1)-(4) by the  Runge- -Kut ta  me thod  fo r  d i f f e ren t  n and the va lues  q = 1 and W = 0. The va lues  of  the 
r e l a t i v e  e r r o r  of the method  of l ines  obtained h e r e  w e r e  used t o  ca lcu la te  t he i r  c o r r e s p o n d i n g  r e l a t ive  e r r o r s  
of the op t ima l  hea t - f lux  e s t i m a t e s  by m e a n s  of  (15). Resu l t s  of the  ca lcu la t ions  a r e  p r e s e n t e d  in F ig .  1 as  a 
funct ion of the  d i m e n s i o n l e s s  t i m e  Fo  = a v / l  2 f o r  n = 3 and n = 5. It fol lows f r o m  the  f igure  tha t  the magni tude  
of the  r e l a t i v e  e r r o r  in d e t e r m i n i n g  the heat  f lux d imin i shes  with t i m e  and with an i n c r e a s e  in the  n u m b e r  of 
a p p r o x i m a t i o n  nodes .  F o r  Fo  _>_ 0.2 it  hence  b e c o m e s  l e s s  than 5% in the  c a s e  n = 5. 

The  a l g o r i t h m  obtained above  was  used  fo r  a p r a c t i c a l  d e t e r m i n a t i o n  of the s t a t i ona ry  heat  flux by using 
a ba t t e ry  heat  f l o w m e t e r  c h a r a c t e r i z e d  by  the fo l lowing p a r a m e t e r s  [1]: 
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-O, O5 4 

-qz5 o o o,o ~'  Fo 0 4 8 

F i g .  1 F i g .  2 
F i g .  1 .  R e l a t i v e  e r r o r  of the  o p t i m a l  h e a t - f l u x  e s t i m a t e s  a s  a func t ion  of t he  n u m b e r  of 
a p p r o x i m a t i o n  nodes  (Sq, Fo) :  1) n = 5, 2) n = 3. 

F i g .  2. D e p e n d e n c e  of the  h e a t - f l o w m e t e r  output  s i g n a l s  o n t h e  m e a s u r e m e n t  t i m e :  1) output  
s i g n a l  of the  t h e r m a l  b a t t e r y  (e, V; T, s e c ) ;  2) output  s i g n a l  of the  C h r o m e l - - A l u m e l  t h e r -  
m o c o u p l e  (v, V; T, s e c ) .  

l = 1,2.10-am; a =  0,21.10-~ "1, % =  3,2.10 -5 V.~ 

= 0,0515 v .  ~ 

The  h e a t - f l o w m e t e r  output  s i g n a l s ,  i n s c r i b e d  on  a l o o p  o s c i l l o s c o p e ,  a r e  p r e s e n t e d  in  F i g .  2.  

I t  ha s  been  e s t a b l i s h e d  as  a r e s u l t  of the  m e a s u r e m e n t s  tha t  the  t i m e  c o n s t a n t  o f t h e h e a t  f t o w m e t e r  u n d e r  
c o n s i d e r a t i o n  i s  TO. G3 = 3.5 s e c ,  whi le  the  t i m e  of i t s  e m e r g e n c e  in  the  s t e a d y : s t a t e  mode  i s  g r e a t e r  than  40 
s e c .  

S ince  the  F o  - 0.02 in  the  c a s e  u n d e r  c o n s i d e r a t i o n  c o r r e s p o n d s  to  the  r e a l  t i m e  T = 1 s e c ,  then  i t  fo l lows  
f r o m  F i g .  1 tha t  to  a s s u r e  an  e r r o r  in  d e t e r m i n i n g  the  hea t  f lux  ( a s s o c i a t e d  with  the  e r r o r  in  t he  m e t h o d  of 
l ines )  of l e s s  than  5%, the  n u m b e r  of a p p r o x i m a t i o n  nodes  in  (6) and (10) can  be t aken  equal  to  5. Hence  j = 2 
in  (6), (1), (13), and (14). 

The  hea t  f lux was  e v a l u a t e d  by m e a n s  of (13), (14), (6), (7), (10), and (11) fo r  the  g i v e n  i n i t i a l  e s t i m a t e s :  
q(0) = 1000; 1200 and 1500 W / m  2 wi th  the  v a r i a n c e  Pa  = 101G W2/m-4 .  The  v a r i a n c e  of the  m e a s u r e m e n t  of the  
q u a n t i t y  (~2 = 9* 10 - I0  V 2. The  c a l c u l a t i o n s  w e r e  p e r f o r m e d  r e c u r r e n t l y  a s  the  m e a s u r e m e n t s  t a k e n  d i s c r e t e l y  
off f r o m  the  o s c i l l o g r a m  wi th  the  t i m e  s p a c i n g  AT = 0.5 s e c  c a m e  in .  

The  r e s u l t s  of c a l c u l a t i n g  the  h e a t - f l u x  e s t i m a t e s  a r e  p r e s e n t e d  in  F i g .  3. As  fo l lows  f r o m  the  f i g u r e ,  
the  o p t i m a l  e s t i m a t i o n  p r o c e d u r e  i s  s t a b l e  and  c o n v e r g e n t .  The  f ina l  v a l u e  of the  m a g n i t u d e  of the  hea t  f lux  
was  1130 W / m  2. Th i s  quan t i ty  was  i n d e e d  t a k e n  a s  the  t r u e  va lue  of the  d e s i r e d  hea t  f lux.  

In a d d i t i o n ,  t he  con f idence  r a n g e  of the  e s t i m a t e s  o b t a i n e d ,  e v a l u a t e d  by m e a n s  of the  equa t ion  [4] 

A qh = • 3 VFh-h (19) 

wi th  p r o b a b i l i t y  0.99,  i s  p r e s e n t e d  in  F i g .  3. 

The  hea t  f lux  in  t h e  s t e a d y - s t a t e  mode  was  m e a s u r e d  by  u s i n g  the  c a l i b r a t i o n  c h a r a c t e r i s t i c s  of t he  hea t  
f l o w m e t e r  in  o r d e r t  0 e s t i m ~ e t h e  a c c u r a c y  of  t h e  r e s u l t s  o b t a i n e d ,  T h e  m a g n i t u d e  of t he  hea t  f lux  hence  ob ta ined ,  
which  equa l s  1250 W / m  2, is  p r e s e n t e d  in  F i g .  3, f r o m  which  i t  i s  s e e n  t ha t  i t  l i e s  wi th in  the  con f idence  r a n g e  
c a l c u l a t e d  by  m e a n s  of (19). 

I t  i s  s e e n  f r o m  F i g .  3 tha t  the  va lue  of t he  hea t  f lux  which  d i f f e r s  by not  m o r e  t han  3% f r o m  the  f ina l  
e s t i m a t e  (equal to  1130 W / m  2) has  been  o b t a i n e d  d u r i n g  p r o c e s s i n g  the  r e s u l t s  of  m e a s u r e m e n t s  p e r f o r m e d  
d u r i n g  the  f i r s t  3 s e c  a f t e r  the  beg inn ing  of t he  e x p e r i m e n t .  
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Fig.  3. Resul ts  of an expe r imen t a l - -  
computat ional  de te rmina t ion  of the heat 
f lax (~, W/m2; r ,  see) :  1) r e c u r r e n t  
e s t ima t e  of the heat flux by means  of (14); 
2) magnitude of the heat flax found in the 
s t e a d y - s t a t e  mode by using the c a l i b r a -  
t ion c h a r a c t e r i s t i c s  of the  heat f lowmete r  ;3) 
confidence range  of the hea t - f lux  e s t i m a t e s .  

T h e r e f o r e ,  by using the m a t h e m a t i c a l  appara tus  of the theory  of sens i t iv i ty  functions,  a method has been 
developed fo r  r e c u r r e n t  de te rmina t ion  of the heat flux in the dynamica l  mode of m e a s u r e m e n t s  of a ba t te ry  heat 
f lowmete r ,  which is a modif ica t ion  of the  K a l m a n - f i l t e r  a lgor i thm of min ima l  d imensional i ty .  

A method has been developed for  the p r a c t i c a l  de te rmina t ion  of e r r o r s  of the method of l i n e s ,  which is 
used  in composing  the m a t h e m a t i c a l  model  of the heat  f lowmete r ,  and an analys is  is also p e r f o r m e d  onthe  influ-  
ence of t hese  e r r o r s  on the a c c u r a c y  of obtaining finite r e su l t s .  

The use  of the developed dynamic  method in the p rob l em of a p rac t i ca l  m e a s u r e m e n t  of the heat  flux 
pe rmi t t ed  the diminution of the ac tual  ine r t i a  of the heat  f l owmete r  used by m o r e  thantenfold .  The resu l t s  hence 
obtained ag ree  well  with the magnitude of the heat  flux obtained by d i rec t  m e a s u r e m e n t  in the s t e ady - s t a t e  mode. 

N O T A T I O N  

T,  t~ ,  t e m p e r a t u r e ;  x space  coordinate ;  ~, t ime ;  l ,  s e n s o r  length; q, specif ic  heat flux; k, coefficient  
of t h e r m a l  conductivity;  c ,  spec i f ic  heat;  p,  densitY; a ,  coeff icient  of t h e r m a l  diffusivity; ~1, t h e r m o e l e c t r i c  
coeff ic ient  of the galvanic  copper - -Cons tan tan  t h e r m a l  ba t t e ry ;  ~2, t h e r m o e l e c t r i c  coefficient of the Chromel - -  
Alumel  the rmocoup le ;  e,  e r r o r  in t e m p e r a t u r e  m e a s u r e m e n t ;  P,  va r iance  of the hea t - f lux  es t imate ;  A(~, x), 
e r r o r  in de te rmin ing  the t e m p e r a t u r e  field by the method of l ines;  Ui (T), t e m p e r a t u r e  r e sponse  to the heat flux 
being m e a s u r e d ;  h = l / n ,  space  quantizat ion s tep  in the method of l ines .  
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